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ABSTRACT

Traditionally, the engineering modeling process is based on first principles, which usually yields large, complex and
detailed models of adynamic system. As an aternative, classical system identification procedures often produce simple
(linear) models ignoring additional domain knowledge. In this context, numerical models, e.g. multi-body models or
finite-element simulations based on first-principles are used to predict the system behavior. If only a small number of
simulation outputs are needed, massive computational power is wasted on computing grid data which is of no further
interest. In this paper, a different approach using engineering techniques, such as dimensiona analysis, coupled with
knowledge discovery methods, such as e.g. neura networks or k-nearest neighbor search, is used to predict the dynamic
system behavior from only a few characteristic input parameters and the given initial or boundary conditions. The dy-
namic system is therefore modeled as a nonlinear static mapping whose parameters are estimated from experiment as
well as from simulation. This static mapping alows for very fast prediction times compared to computationally intense
numerical simulations. Additionally, some of the mapping methods allow the calculation of sensitivities, which in turn
alow e.g. the ranking of the inputs according to their contribution to the output parameters. The presented approach to
dynamic system analysis is first described in detail, then some of the used methods are described and the usefulness of
the approach is demonstrated in the example of a non-linear spring-mass-damper system.
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1. INTRODUCTION

In dynamic system analysis, the simulation and analysis of nonlinear systemsis atime and resource consuming process.
In many applications detailed finite-element models with up to 1 million elements have to be built. The modification of
these models is complicated and simulation times of up to one week restrict the usefulness of this approach in early de-
sign stages, where many systematic parameter variations of such simulations would be interesting to use. On the other
hand, numerous simulations and experiments have already been done in these application domains.

A general dynamic system is depicted in figure 1. The current state of the system is given in the state vector x(t) which
is usually not completely observable. The system is driven by the externa input forces u(t) and given an initial condi-
tion vector xo = x(0) and the time-dependent input u(t) produces the output vector y(t). For alinear time-invariant (LTI)
dynamic system this behavior can be captured in a LTI state-space realization as shown in equation (1.1) where A isthe
system matrix which completely describes the internal (linear, time-invariant) dynamics of the system, B is the input
matrix, C the output matrix and D the straight-way matrix.

(t) = Ax(t) + Bu(t) ; z(0) = xg

(L.1)
y(t) = Cx(t) + Dul(t)
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Fig. 1: Model of adynamic system with inputs u(t), states x(t), and output y(t)

Linear time-invariant dynamic systems (LTI systems) are well understood and a large number of analysis techniques in
the time and the frequency domain exist®. The system behavior can be simulated using integration schemes, other tech-
niques alow to characterization of these system using transfer functions or stability measures.

In the case of nonlinear, time-variant systems, the corresponding state-space description uses matrices with time- and
space-dependent content as shown in equation (1.2). Numerical analysis techniques for these non-linear systems usually
rely on an explicit integration scheme to simulate the system and generate the state trajectories, the output trajectory and
their time derivatives.

(1.2)

Using experiments and numerical simulations of a class of complex nonlinear systems, a database of these dynamic
systems can be established as will be shown in the following section.

2. DATA COLLECTION

In this paper, the mapping from the description of a dynamic system and the initial conditions onto the dynamic re-
sponse is modeled. In this context, the dynamic system itself, the initial conditions and the dynamic response are first
modeled independently and the dynamic response is then estimated for unknown configurations or initial conditions
using a nearest-neighbor search in known data sets.

The feature vector for a dynamic system can be given by the list of al relevant parameters as known from dimensional
analysis**®. The task of identifying the relevant parameters can at present time not be automated. However, techniques,
such as correlation analysis, can help the engineer to form the relevance list, but profound domain knowledge is always
required.

The features of the dynamic response of the system are given by a curve fit algorithm. Y et, the choice of base functions
and fitting algorithms provide additional degrees of freedom for the choice of the feature vector. Domain independent
curve fitting techniques, such as polynomial fits, splines or wavelet analysis can be employed but usualy yield a high
number of features that cannot be correlated to physical effects or a priori domain knowledge.



In this paper, another curvefitting algorithm is used. First, the general form of the functions is determined and a suitable
base function for the acceleration, spanning the complete time range under consideration, is chosen. This base function
is then integrated symbolically twice to yield the velocity and displacement functions. As much parameters as possible
are then determined symbolically for these three symbolic functions using a priori domain knowledge, which is often
given as invariant initial or boundary conditions or as heuristic knowledge. For each data set, these parameters are then
determined from the data base and the remaining parameters are fit using conventional curve fitting algorithms, such as
the least-squares method.

In many industrial applications simulations and experiments are conducted for a variety of reasons and most often, the
data gained is used only once and then discarded. In the proposed system, the feature vectors for the dynamic system,
initial conditions and the output can be determined for al experiments and simulations, and finally be stored in a data-
base (see fig. 2). If retrieved from the database, this data can be used for the inference engine which is discussed in the
following section.
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Fig. 2: Theresponse of the dynamic system is given by experiments and simulations and the corresponding feature vectors are stored
in adatabase. In the case shown, no external inputs are considered.

3. INFERENCE SYSTEM

To predict the system output for an unknown dynamic system with given initia conditions, an inference system as
shown in figure 3 is used. This system relies on the information stored in the feature database for known experiments

and simulations.

In this paper an inference engine based on the k-nearest neighbor classification algorithm® combined with a linear su-
perposition of the classification results is shown. Similarly other mapping algorithms, such as neura networks, can be
used to establish the prognosis of the dynamic system response from the system'’s feature vector.

The algorithm shown in this paper does not account for input signals u(t), but these can easily be integrated in the sys-
tem’ s feature vector using the same method shown for the characterization of the output signals.
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Fig. 3: Inference system for dynamic system behavior prognosis

The proposed inference engine is built using a k nearest neighbors search. For given input data Q (query) the input data
is transformed into its feature vector representation. In the database the k nearest neighbors D; (i=1,...,k) in terms of
these features are determined using a similarity measure and the distance from the query data d, = ||Q - D; || is deter-
mined for each of these nearest neighbors using the same similarity metric. The stored output data R, (i=1,...,K) associ-
ated with the nearest neighbors D; are then retrieved from the database and assembled according to the inverse distance
1/d, to the query.

In this paper, a special feature representation using dimensional analysis**® is used for the dynamic system data D as
well as the dynamic system output R. This method allows a physically inspired feature selection.

The similarity metric is twofold. Certain similarities are covered by the dimensionless representation of the features.
Full physical similarity of the dynamic systems leads to identical dimensionless representations. These completely simi-
lar systems cannot be distinguished from each other in the dimensionless representation and are therefore undistinguish-
able for the inference engine Another part of the similarity measure is used in the k-nearest neighbor search algorithm.
Well-known similarity measures, such as the Euclidean distance, the City-block metric or Minkowski metrics can be
used as well as weighted distance measures.

Euclidean distance d=10-Ql = JD-Q0-Q" =L - Q)
City-block metric d = ZlDi — Q|
Minkowski metric d=2D,=qQ,

Tab. 1: Different similarity metrics for the k nearest neighbor algorithm

The estimated system output is composed of the features of the k-nearest neighbors as a linear superposition according
to the inverse distance of their system features to the query system features. The linear superposition strictly only holds
for linear systems, but using a dense population of systems in the database a linear approximation can be sufficiently
accurate.



The properties of the k-nearest neighbor approximation are depicted in figure 4. On the left hand side the graph shows
the shaded approximate area of interpolation and outside the area of extrapolation. The inference engine can easily de-
tect extrapolation requests and produce a respective output. The right hand side of figure 4 shows the procedure of the
k-nearest neighbor approximation algorithm. In this example, for aquery “A “ the k=4 nearest neighbors are identified
inside the dashed circle and the queried output is combined from the k=4 nearest neighbors “ X" according to their in-
verse distance to the query.
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Fig. 4: Interpolation and extrapolation in database (1eft); k-nearest neighbor approximation (k=4) (right)
4. EXAMPLE

In the following, a simple one-dimensional pendulum (fig. 1) is considered. The equation of motion for this dynamic
system is given by first principles and is shown in equation (4.1) along with the necessary initial conditions.

mi(t) + ci(t) +kx =0 ; 2(0) = zq;40) = vy 4.1

This system can be transformed into its state-space representation as shown in equation (4.2). Since equation (4.1) isa
second-order equation, two states and two initia conditions are necessary. It can be seen, that for this system, the output
variablesy correspond directly to the states x.
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Although this systemislinear in its parameters mass m, damping coefficient ¢, and stiffness k it is nonlinear with re-
spect to the initial conditions o = [ y(0) V()] "

The pendulum itself is characterized with the three parameters which can be taken directly from the equation of motion
if these are known. Otherwise, the relevance list does not imply the knowledge of the underlying equations of motion.

mass m | [kd]

damping coefficient c [kg/q]

spring stiffness K [ko/s]
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Fig. 5: Simple one-dimensiona pendulum consisting of a mass m, aspring k, and a damper ¢

Using dimensional analysis**°, one single dimensionless group can be formed from these three parameters

S1 = ~ 5~ (4-3)

For the data mining approach to dynamic system analysis, this is the important parameter of each experiment which has
to be stored in the data base.

The dynamic response of the system is given in the time-series of x(t), v(t), a(t) with the initial conditions x(0) and v(0).
Thisformsthe relevance list for the dynamic response

initial displacement Xo [m]
initial velocity Vo uE
time t [s]
displacement X [ml
velocity v [V
acceleration a [m/s]

and leads to four dimensionless groups for the dynamic response
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Again, these dimensionless parameters are stored in the database along with the initial conditions [Xo,Vo] to alow are-
construction of the dimensional signal.
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Fig. 6: Acceleration plots for different initial velocities. (m= 100kg, ¢ = 1000 kg/s, k = 15000 kg/s?)

Figure 7 shows the interpolation and extrapolation capabilities of the k-nearest neighbor based approximation algorithm.
Despite the nonlinear dependence of the system output on the initial conditions, the mean-square error for the linear
approximation is small. For the simulation in figure 7 initial velocities from 30 kmv/h up to 70 knvh as shown in figure 6
have been simulated. The data base known to the inference engine consisted only of the two system data points for vO =
40 kmvh and vO = 50 kmvh. It can be seen in figure 6, that the best performance, i.e. the lowest mean-square error, is
achieved around the known data points with good performance in the interpolation between the known data and even
slight extrapolation quality.

5. DISCUSSION

The prognosis of real-world non-linear dynamic system response is usually a very difficult task. The presented algo-
rithm circumvents many difficult parameter choicesin nonlinear models, at the expense to construct a useful “similarity
measure” and the need for a sufficiently large data base of data gathered from simulation and experiment.

The k-nearest neighbor algorithm offers a transparent way of blending various different system responses into each
other, thus constructing a prognosis of a system response.

The fact that the linear system prognosis of the nonlinear response gets better if the density of data points in the data-
base increases is hereby a nice feature of the approach.
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Fig. 7: Comparison of interpolation vs. extrapolation properties of the k-nearest neighbor approximation for the nonlinear dependence
of the simple pendulum on the initial velocity vo. Shown is the mean-square error in the acceleration signa of a simulation versus the
prognosis of the k-nearest neighbor approximation with two data points at vo = 40 knmvh and vp = 50 knvh for a velocity range of 30
kmvh < v < 70 kmvh. The non-symmetric curve results from the nonlinear dependence of the system output on the initial velocity vo.

6. SUMMARY

It has been shown that for a sufficiently dense database a k-nearest neighbor approximation can estimate the system
output even for nonlinear system behavior. The data base can be filled with experimental as well as smulation data.
The use of dimensiona analysis on engineering system alows the definition of additional similarity measures which
automatically account for physical similarity between different systems.

The advantage of the k-nearest neighbor approach over other data-driven methods, such as e.g. neural networks, liesin
the additional output of the chosen nearest neighbors and their distance from the query point. The algorithm is capable
of identifying new designs (i.e. extrapolation queries) and produces the according output. For new designs within the
“known-world” the algorithm produces a list of the most similar designs known and predicts the output of the new de-
sign using known data.
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